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Abstract 

A generalized theory unifying gravity with electromagnetism was proposed 
by Einstein in 1945. He considered a Hermitian metric on a real space-time. 
In this work we review Einstein's idea and generalize it further to consider 
gravity in a complex Hermitian space-time. 
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In the year 1945, Albert Einstein pQ, j2] attempted to establish a unified 
field theory by generalizing the relativistic theory of gravitation. At that time 
it was thought that the only fundamental forces in nature were gravitation 
and electromagnetism. Einstein proposed to use a Hermitian metric whose 
real part is symmetric and describes the gravitational field while the imagi- 
nary part is antisymmetric and corresponds to the Maxwell field strengths. 
The Hermitian symmetry of the metric Qf^^, is given by 

9,^u (x) = gu^, (x), 

where 

9tMu (x) = G^^ (x) + iB^y {x) , 

so that G^^ (x) = Gy^ (x) and B^^, (x) = —B^^ (x) . However, the space-time 
manifold remains real. The connection F^^^ on the manifold is not symmetric, 
and is also not unique. A natural choice, adopted by Einstein, is to impose 
the hermiticity condition on the connection so that T^^ = T^,y, which implies 
that its antisymmetric part is imaginary. The connection F is determined as 
a function of g^^i, by defining the covariant derivative of the metric to be zero 

U — 9fJ.v,p ~ Qfia^ Pt^ ~ ppdo-u- 

This gives a set of 64 equations that matches the number of independent 
components of V^^, which can then be solved uniquely, provided that the 
metric g^i^ is not singular. It cannot, however, be expressed in closed form, 
but only perturbatively in powers of the antisymmetric field B^,^. There are 
also two possible contractions of the curvature tensor, and therefore, unlike 
the real case, the action is not unique. Both fields G^i, and B^i, appear 
explicitly in the action, but the only symmetry present is that of diffeomor- 
phism invariance. Einstein did notice that this unification does not satisfy 
the criteria that the field g^^i, should appear as a covariant entity with an 
underlying symmetry principle. It turned out that although the field B^^ 
satisfies one equation which is of the Maxwell type, the other equation con- 
tains second order derivatives and does not imply that its antisymmetrized 
field strength d^B^p + d^Bp^^ + dpB^y vanishes. In other words, the theory 
with Hermitian metric on a real space-time manifold gives the interactions of 
the gravitational field Gpp and a massless field B^^,. Much later, it was shown 
that the interactions of the field Bpi, are inconsistent at the non-linear level, 
because one of the degrees of freedom becomes ghost like [3]. There is an 
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exception to this in the special case when a cosmological constant is added, 
in which case the theory is rendered consistent as a mass term for the B^^^ 
field is acquired 

More recently, it was realized that this generalized gravity theory could 
be formulated elegantly and unambiguously as a gauge theory of the U (1, 3) 
group jB] . A formulation of gravity based on the gauge principle is desirable 
because such an approach might give a handle on the unification of gravity 
with the other interactions, all of which are based on gauge theories. This 
can be achieved by taking the gauge field * to be anti-Hermitian: 

^ = ~V>^d"vt, 

where 

%" = diag(-l,l,l,l), 

is the Minkowski metric. A complex vielbein is then introduced which 
transforms in the fundamental representation of the group f/(l, 3). The com- 
plex conjugate of e° is defined by e^^ = e^. The curvature associated with 
the gauge field is given by 

The gauge invariant Hermit ian action is uniquely given by 

/ = y d'^x |e| e^^R^^J'e'^, 

where 

\ef= (dete^ (dete.J 
and the inverse vierbein is defined by 

e^e^^ — w^, e — Ca ■ 

This action coincides, in the linearized approximation, with the action pro- 
posed by Einstein, but is not identical. The reason is that in going from 
first order formalism where the field uj^^ ^ is taken as an independent field 
determined by its equations of motion, one gets a non-linear equation which 
can only be solved perturbatively. A similar situation is met in the Einstein 
theory where the solution of the metricity condition determines the connec- 
tion as function of the Hermitian metric g^p in a perturbative expansion. 
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The gauge field associated with the U{1) subgroup of f/(l, 3) couples 
only linearly, so that its equation of motion simplifies to 



where G = detG^^,. In the linearized approximation, this equation takes the 
form djjB^^^ = which was the original motivation for Einstein to identify 
-B^i^with the Maxwell field PP,0- In the gauge formulation the metric arises 
as a product of the vierbeins g^i, = e'^^e^^a which satisfies the hermiticity 
condition g^^ = g^^ as can be easily verified. Decomposing the vierbein into 
its real and imaginary parts 

and similarly for the anti-Hermitian infinitesimal gauge parameters 
where A^^ ° = — A^^ and A„^ ^ = A^,^ ^. From the gauge transformations 

Xpa _ A a b 

we see that there exists a gauge where the antisymmetric part of and the 
symmetric part of e^^ can be set to zero. This shows that the gauge theory 
with complex vierbeins is equivalent to the theory with a symmetric metric 
Gj^ip and antisymmetric field B^^,. 

It turns out that the field B^y does not have the correct properties to rep- 
resent the electromagnetic field. Moreover, as noted by Einstein, the fields 
G^y and B^^, are not unified with respect to a higher symmetry because they 
appear as independent tensors with respect to general coordinate transfor- 
mations. In the massless spectrum of string theory the three fields G^^, B^^ 
and the dilaton cf) are always present. The effective action of closed string 
theory contains, besides the Einstein term for the metric G^i^, a kinetic term 
for the field B^y such that the later appears only through its field strength 

H^i/p 9^Biyp -\- dyBp^ -\- dpBpiy. 

This implies that there is a hidden symmetry 

SB^y = d^Ay - d^Ap 
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preventing the explicit appearance of the field 3^,^. As both G^^, and S^i. 
fields are unified in the Hermitian field g^^, it will be necessary to combine 
the diffeomorphism parameter [x) and the abelian parameters (x) into 
one complex parameter. This leads us to consider the idea that the manifold 
of space-time is complex, but in such a way that at low energies the imaginary 
parts of the coordinates should be very small compared with the real ones, 
and become relevant only at energies near the Planck scale. Indeed this 
idea was first put forward by Witten [7j in his study of topological orbifolds. 
He was motivated by the observation that string scattering amplitudes at 
Planckian energies depend on the imaginary parts of the string coordinates 

m 

We shall not require the sigma model to be topological. Instead we shall 
start with the sigma model P, [IHl 

1 = j da^da-g^-j, {Z{a,a),Z{a,a)) 

where we have denoted the complex coordinates by Z^, = 1, ■ ■ ■ , d , and 
their complex conjugates by Zf^ = Z'^, and where the world- sheet coordinates 
are denoted by = cr° ± a^. We also require that the background metric 
for the complex ci-dimensional manifold M to be Hermitian so that 

Decomposing the metric into real and imaginary components 

dpV -\- iB^i/j 

the hermiticity condition implies that G^,^ is symmetric and B^^i, is antisym- 
metric. This sigma model can be made topological by including additional 
fields, but this will not be considered here. It can be embedded into a 2d 
dimensional real sigma model with coordinates of the target manifold de- 
noted by = {Z^, Zf^}, fi = 1, ■ ■ ■ ,d, with a background metric gij (Z) 
and antisymmetric tensor bij (Z), with the action 



J da+da- {gij {Z) + {Z)) d+Z'd_ZK 
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The connection is taken to be 



f t = \g''' {diQij + djQu - dig,,) , 



Tijk — {dihjk + djhki + dkhij) , 



so that the torsion on the target manifold is totally antisymmetric. The 
embedding is defined by taking 



so that, as can be easily verified, the only non-zero components of the con- 
nections are 



and their complex conjugates. 

Having made the identification of how the complex d-dimensional target 
manifold is embedded into the sigma model with a 2d real target manifold, 
we can proceed to summarize the geometrical properties of Hermitian non- 
Kahler manifolds. 

The Hermitian manifold M of complex dimensions d is defined as a 
Riemannian manifold with real dimensions 2d with Riemannian metric gtj 
and complex coordinates z"^ = {z'^jZ^} where Latin indices i,j,k,--- , run 
over the range 1, 2, ■ ■ ■ ,d,l,2,--- ,d. The invariant line element is then [TT| 





ds 



,2 



Qijdz^dz^ 



where the metric gij is hybrid 




It has also an integrable complex structure J- 



satisfying 



and with a vanishing Nijenhuis tensor 

Locally, the complex structure has components 

id' 



J 



The affine connection with torsion T^^ is introduced so that the following two 
conditions are satisfied 

VfcS^ij = dkQij — ^ikdhj — ^]k9ih = 0, 

V.i? = d,F^- Tl,Fl + Ti,Ft = 0. 

These conditions do not determine the affine connection uniquely and there 
exists several possibilities used in the literature. We shall adopt the Chern 
connection, which is the one most commonly used, . It is defined by pre- 
scribing that the (2(i)^ linear differential forms 

be such that u^, and uj% are given by [12] 



vp 



with the remaining {2dY forms set equal to zero. For uj^^ to have a metrical 
connection the differential of the metric tensor g must be given by 

from which we obtain 

dxg^nydz^ + d^gf,-pdz^ = V.gp-pdz^ + T^^g^pdz^, 



so that 
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where the inverse metric g'^^ is defined by 



Notice that the Chern connection agrees with the connection obtained above 
by embedding of the non-hnear sigma model with Hermitian target manifold 
into a real one with double the number of dimensions. The condition Vfc J/ = 
is automatically satisfied and the connection is metric. The torsion forms 
are defined by 



= u^dz"" = -V^dz"" A dzP, 



which implies that 



vp pv 



= g"^ {Qpgv-^ - d^Qpa) . 

The torsion form is related to the differential of the Hermitian form 



J = -Jiidz^ A dz^, 
2 ^ 



where 

is antisymmetric and satisfy 



Jij — Ji gkj — J jit 



JpH — WpX! — Jup.) 

SO that 

J = ig^jj^dz^ A dz"" . 
The differential of the two-form J is then 

dJ = ^Jijkdz'' A dz^ A dz'', 

so that 
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The only non- vanishing components of this tensor are 

Jjiup ^ iS^QpTi (hjQpJl) ^'^Jiu 9pa ^Tj[-pp. 

The curvature tensor of the metric connection is constructed in the usual 
manner 

= duo'- -uj\Auj), 

with the only non-vanishing components being Q'^^ and p. These are given 
by 

= -K.xdz'' A dz' - R^-^dz- A dz\ 
where one can show that 

= rd.d^g,-p + d^9~'^d^9p-p. 
Transvecting the last relation with g^,-^ we obtain 

Therefore the only non- vanishing covariant components of the curvature ten- 
sor are 



which are related by 



p p p _ 

^pVnX -'V/iftA ^pVXn^ 



and satisfy the first Bianchi identity ^2] 



PKX KflX A fJ.K 

The second Bianchi identity is given by 

^ P-^IiVkX ~ ^K.RpupX ~ R/iUo-X^pK 5 

together with the conjugate relations. There are three possible contractions 
for the curvature tensor which are called the Ricci tensors 



Upon further contraction these result in two possible curvature scalars 



Note that when the torsion tensors vanishes, the manifold M becomes 
Kahler. We shall not impose the Kahler condition as we are interested in 
Hermitian non-Kahlerian geometry. We note that it is also possible to con- 
sider the Levi-Civita connection • and the associated Riemann curvature 
, '■J 

Ki.-j where 

f f,- = ^g^^ {digij + djgu - digij) , 

^kij — ^^fcJ- ij <->%>- kj ^ J- kt'- ij it'- kj- 

The relation between the Chern connection and the Levi-Civita connection 
is given by 

-pk -pk _|_ _^ frp k rpk rpk \ 

ij ~ "T 2 V ij ij ji) ■ 

It can be immediately verified that the Levi-Civita connection of the Her- 
mitian manifold is identical to the one obtained from the non-linear sigma 
model, but only after the identification of 6^77 with —g^v The Ricci tensor 
and curvature scalar are Kij = K^^j^ and K = g^^Kij. Moreover, it is also 
possible to define Hkj = Kf,-lJl and H = g^^Hkj. The two scalar curvatures 
K and H are not independent but related by [13] 

K-H = i/'^f^i/jj^h - i/^Ju^hJ''' - 2.p'i/ ji/^Jk^. 

There are also relations between curvatures of the Chern connection and 
those of the Levi-Civita connection, mainly J3] 

\k = S- V^T, - V% - T^T^g''^ 

where = T^/. There are two natural conditions that can be imposed on 
the torsion. The first is = which results in a semi-Kahler manifold. The 
other is when the torsion is complex analytic so that '^jT^^ = implying 
that the curvature tensor has the same symmetry properties as in the Kahler 
case. In this work we shall not impose any conditions on the torsion tensor. 
We note that the line element 

ds'^ = 2g^T,dz>'d-r, 
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preserves its form under infinitesimal holomorpfiic transformations 

^z^' - C (z) , 

as can be seen from the transformations 

It is instructive to express these transformations in terms of the fields Gni,{x, y) 
and Bi^i,{x,y) by writing 

e{z) = a''{x,y)-tP^{x,y). 
The holomorphicity conditions on and imply the relations 



where we have denoted 



d d 



The transformations of Gn^{x,y) and B^^{x,y) are then given by 

5G^,{x, y) = OyCx:. + dla^G^x + a^dlG^, 
- &;i3^Bxu + + iS'^dlG^,, 

SB^,{x, y) = d^P^Gx, - d:f3'G^x + a^d^B^, 
+ dyBxu + d^a^B^x + P^dlB^,. 

One readily recognizes that in the vicinity of small y^ the fields Gni,{x,0) 
and Bfj,i,{x, 0) transform as symmetric and antisymmetric tensors with gauge 
parameters a^{x) and P'^{x) where 

a^{x,y) = a^{x) - dlP>^{x)y^ + 0{y^), 
P^{x, y) = I3^^{x) + d^X{x)y^ + 0{y^), 
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as implied by the holomorphicity conditions. Therefore, it should be possible 
to find an action where diffeomorphism invariance in the complex dimensions 
imply diffeomorphism invariance in the real submanifold and abelian invari- 
ance for the field B^j^^, {x) to insure that the later only appears through its 
field strength. 

For simplicity, we shall now specialize to four complex dimensions. We 
start with the most general action limited to derivatives of order two 

1 = j d^zd% [aR + bS + cT,,T,T-,^x9'^g'"'g^^ + dT^,^T-,^^g~P^'g^^g~^'') . 

One can show that by requiring the linearized action, in the limit y — 0, to 
give the correct kinetic terms for G^u{x) and B^y{x) relates the coefficients 
a, b, c, d to each other [T3] 

b = —a, d = —1 — a, ^ ~ 2' 
In this case the action simplifies to the very elegant form 
/ = _iy d^.d^ze^^^'^^^^-g^^d^g^^d^g-y 

M 

which can be expressed in terms of the two-form J, 

I = ^jj AdJ AdJ. 

M 

We stress that this action is only invariant under holomorphic transforma- 
tions. The equations of motion are given by 

^-,xw„^,upr (^g^^d^Q^g- + ^o,g,^dr,g^j^ = 0, 

which are trivially satisfied when the metric g^^; is Kahler 

dpguj) dj^g^p, ^^gup 9-pgi,-^. 

We proceed to evaluate the four-dimensional limit of the action when the 
imaginary parts of the coordinates are small at low-energy. The action is a 
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function of the fields G^^, (x, y) and B^^, (x, y) which depend continuously on 
the coordinates y'^, implying a continuos spectrum with an infinite number 
of fields depending on x'^ only. To obtain a discrete spectrum a certain 
physical assumption should be made that forces the imaginary coordinates 
to be small. One idea, suggested by Witten [7] , is to suppress the imaginary 
parts by constructing an orbifold space M' = M/ G where G is the group of 
imaginary shifts 

zf" 2^ + z(27rP), 

where k'^ are real. To maintain invariance under general coordinate transfor- 
mations we must require {x, y) to be coordinate dependent. It is not easy, 
however, to deal with such an orbifold in field theoretic considerations. 

Instead, we shall proceed by examining the dynamical properties of the 
action which depends on terms not higher than second derivatives of the 
fields. It is then enough to expand the fields to second order in y^ and take 
the limit y — > 0. We therefore write 



G^,u (x, y) = G^,{x) + G^,p{x)yf + ]^G^,p„ (x) y^y'^ + 0(i/=^), 



B^, (x, y) = B^,{x) + B^,p{x)yP + ^5^,^, (x) y^y'^ + 0{y''). 

In the absence of a symmetry principle that determines the fields G^^pix), 
Bpup{x),Gpupa{x) and B^ypfj^x) and all higher terms as functions of Gpy{x), 
Bij,u{x) we impose boundary conditions, in the limit y — > 0, on the first and 
second derivatives of the Hermitian metric. In order to have this action 
identified with the string effective action, the equations of motion in the 
y — > limit should reproduce the low-energy limit of the string equations 

= G^^ (^R (G) + ^Hpypm-P^ - 2 {w- (G) + \h'%H^' 

= v^(^)if^,.. 

These equations could be derived from the equations of motion of the Hermi- 
tian theory, provided we impose the following boundary conditions on torsion 
and curvature of the Hermitian manifold: 

-^/ui^pl?/~*o 2z5^jy p (x) , 
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The solution of the torsion constraint gives, to lowest orders, 
G^,up {x) = dyBf,p (x) + df,Byp (x) , 

where all derivatives are now with respect to x^. Substituting these into the 
curvature constraints yield 

G^^anx {x) = d^dxG^^ (x) + d^dxG^^, (x) + d^d^Gpx {x) 
+ d^d^G^x (x) - dAG^„ (x) + O {dG, dB) , 

B^,aK\ {x) = d„dxB^^ (x) - d^dxB^^ (x) + d^d^B^x {x) 
- d^d^B^x (x) - d^dxB^^ (x) + O (dG, dB) , 

where O {dG, dB) are terms of second order ^3] . 

This is encouraging, but more work is needed to establish the exact con- 
nection between string theory effective actions and gravity on Hermitian 
manifolds and not only to second order. For this to happen, one must deter- 
mine, unambiguously, the symmetry principle that restricts the continuous 
spectrum as function of the imaginary coordinates to a discrete one. 

To summarize, the idea that complex dimensions play a role in physics 
is quite old [TF. So far it has provided a technical advantage in obtaining 
extensions and new solutions to the Einstein equations, or in providing ele- 
gant formulations of some field theories such as Yang-Mills theory in terms 
of twister spaces. At present, there is only circumstantial evidence, com- 
ing from the study of high-energy behavior of string scattering amplitudes, 
where it was observed that the imaginary parts of the string coordinates of 
the target manifold appear. The work presented here is an attempt to show 
that it might be possible to formulate geometrically the effective string the- 
ory for target manifolds with complex dimensions. In this picture the metric 
tensor and antisymmetric tensor of the effective theory are unified in one 
field, the metric tensor of the Hermitian manifold, an idea first put forward 
by Einstein. 
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